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$M_{n}$ $n\cross n$ $M_{n}$
: $||A||_{\infty}= \sup_{x|}1_{\frac{Ax}{||x|}}$
$\mathrm{L}$
. $\cdot$ : $w(A)= \sup_{x}\frac{|(\prime 4x|x\}|}{||x||^{2}}$
$A\in M_{n}$ $M_{n}$ ( $\backslash \nearrow_{L}-7$ ) $S_{A}$ $S_{A}(B)=A\mathrm{o}B$
$A=(a_{ij})\text{ }B=(b_{ij})$ $A\mathrm{o}B=(a_{ij}\cdot b_{ij})$ ( $A$ $B$ $\backslash \grave{/}\Sigma$. $-$
)
$S_{A}$ $M_{n}$ $\Lambda l_{n}$
$S_{A}$
$||\cdot||_{\infty},$ $w(\cdot)$ $S_{A}$ $||S_{A}||_{\infty},$ $||S_{A}||W$
$||S_{A}||_{\infty}= \max\frac{||A\circ X||_{\infty}}{||X||_{\infty}}X$







$f(z)= \sum_{i=1}^{\infty}\alpha_{n}Zn$ & $g(z)= \sum_{i=1}^{\infty}b_{n}zn$
$h(z)= \sum_{i=1}^{\infty}a_{nn^{Z}}bn$ $l\iota(z)$ $f(z)$
$g(z)$ Hadamard





$f,$ $g$ 2\mbox{\boldmath $\pi$}
$a_{k}= \int_{0}^{2\pi}e^{ik}f\theta(\theta)d\theta$ , $b_{k}= \int_{0}^{2\pi}e^{ik\theta}g(\theta)d\theta$ $(k=0, \pm 1, \pm 2, \cdots)$
$h( \theta)=(f*g)(\theta)=\int_{0}^{2\pi}f(\theta-t)g(t)dt$
$c_{k}= \int_{0}^{2\pi}e^{ik}h\theta(\theta)d\theta$
$c_{k}=a_{k}\cdot b_{k}$ $T_{f}$ $f$ Toeplitz (i.e.
$T_{f}=(a_{i-j}))_{\text{ }}T_{j*g}=T_{f}\mathrm{o}T_{g}$
$[\text{ }2]$
$f$ order $n$ on $(a, b)$
$A,$ $B\in M_{n}$ : , $\in(a, b)$ $A\geq B$ $f(A)\geq f(B)$
$H(t)=[h_{ij}(t)]$ $-$ $H(t)=U(t)\Lambda(t)U*(t)$



















[ 3] Lyapunov equation
$A\in M_{n}$ $H\in M_{n}$
$(^{*})$ $cA+A^{*}G=H$
$(*)$ 1 $A$
$\lambda(A)=\{\lambda_{1}, \lambda_{2}, \cdots, \lambda_{n}\}$ $\overline{\lambda}_{i}+\lambda_{j}\neq 0(i\neq j)$
$A$ $(A=Sdiag(\lambda(A))s-1)_{\text{ }}$
$S^{*}GS=L(A)\circ S^{*}HS$ ( $L(A)$ $L(A)=[. \frac{1}{\lambda_{*}^{-}+\lambda_{j}}]$ Cauchy matrix)
$i\mathrm{I}-7$
$\backslash \nearrow_{\mathrm{L}}-\backslash 7$ covariance matrix,





$(_{\alpha})A,$ $B(\in M_{n})\geq 0$ $A\mathrm{o}B\geq 0$
$(\beta)A,$ $B(\in M_{n})\geq 0$
$\min_{1\leq i\leq n}\alpha_{i}i\lambda_{\min}(B)\leq\lambda_{\min}$(A $\mathrm{o}B$ ) $\leq\lambda_{\max}$ (A $\mathrm{o}B$ ) $\leq 1\leq i\leq n\mathrm{m}\mathrm{a}\mathrm{x}a_{ii}\lambda_{\max}(B)$
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$(\gamma)A=[a_{i^{j}}],$ $B\geq 0$ $||A \circ B||\infty\leq\max_{i}a_{ii}\cdot||B||_{\infty}$
$(\delta)A,$ $B\in M_{n}$ $A=X^{*}Y(X, Y\in M_{rn})$
$||A\mathrm{o}B||_{\infty}\leq c1(X)c_{1}(Y)||B||_{\infty}$
( $f_{}^{arrow}r_{^{\backslash }}\sim\backslash$ $c_{1}(X)$ $X$ $\text{ }$ )
$(\epsilon)A,$ $B\in M_{n}$ $||A\circ B||\infty\leq||A||_{\infty}||B||_{\infty}$
$A,$ $B\in M_{n}$ $A\otimes B$ $A$ B $\lambda(A)$ $A$
$(\alpha)$ $\lambda(A\otimes B)=\{\lambda\mu|\lambda\in\lambda(A), \mu\in\lambda(B)\}$
$(A\otimes B)^{*}=A^{*}\otimes B^{*}=A\otimes B$ $A\otimes B\geq 0$ $A\mathrm{o}B$ $A\otimes B$





4. Johnson and Bapat $\text{ }$
$A\in M_{n}$ $\lambda_{1}(A),$ $\lambda_{2}(A)$ ,
. . . , $\lambda_{n}(A)$
Oppenhaim(1930)




$\prod_{i=1}^{n}\lambda_{i}(AB)=det(AB)=detA\cdot detB\leq detA\prod_{i}^{n}=1b_{i}i\leq det(A\mathrm{o}B)=\prod^{n}i=1\lambda i(A\circ B)$
$B$ $B^{t}f^{arrow}\llcorner$










$A,$ $B\geq 0$ $\lambda_{\min}$ (AB) $\lambda_{\min}(A\circ B)$ Fiedler $(1983)\text{ }$
Johnson and Elsner(1987)
$[\text{ }4]A,$ $B(\in M_{n})\geq 0$
(a) $\lambda_{\min}(A\circ B)\geq\lambda_{\min}(AB^{i})$
(b) $\lambda_{\min}(A\circ B)\geq,$ $\lambda_{\min}$ (AB)
3 4
[Johnson and Bapat a conjecture(1988)]
$X\in M_{n}$ $\lambda_{1}(X)\geq\lambda_{2}(X)\geq\cdots\geq\lambda_{n}(X)$
$i=1\square \lambda_{n-i1}+$
$(AB) \leq ki=\prod\lambda 1kn-i+1$ (A $\mathrm{o}B$ ) $(k=1,2, \cdots, n)$
Ando, Visick $(\text{ }1994)$
Ando $0<A,$ $B\in M_{n}$
$\log(A\mathrm{o}B)\geq(\log A+\log B)\mathrm{o}I$
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$\sum_{i=k}^{n}\lambda i(\mathrm{l}\circ \mathrm{g}A+\log B)\geq\sum\lambda_{i}(\log A^{1/}2BA1/2)(k=1,2i=kn, \cdots , n)$
$k$ $k$
$\prod_{i=1}\lambda n-i+1(ABt)\leq\prod_{i=1}\lambda n-i+1$ (A $\mathrm{o}B$ ) $(k=1,2, \cdots, n)$
5. Marcus, Kidman and Sandy $\text{ }$ conjecture
[Marcus, Kidman and Sanday $\text{ }$ conjecture (1984)]
$||\cdot||$ $M_{n}$ unitarilly invariant norm
$||A\mathrm{o}B||\leq||A||||B||(A, B\in Mn)$ .
majorization $\{\sigma_{i}(A)\}$
decreasing order ( $\mathrm{i}.\mathrm{e}.$ $\sigma_{i}(A)$ $(A^{*}A)^{1/2}$ eigenvalue $\sigma_{1}(A)\geq$
$\sigma_{2}(A)\geq$ . . . $\geq\sigma_{n}(A))$ Horn and Johnson $(1987)\text{ }$ Bapat (1987)
$\text{ }$
$\mathrm{O}\mathrm{k}\mathrm{u}\mathrm{b}\mathrm{o}(1987)\text{ }$ Zhang(1988)
[ 5] $A,$ $B\in M_{n}$
$\sum_{i=1}^{k}\sigma_{i}$ (A $\mathrm{o}B$ ) $\leq\sum^{k}\sigma i(A)\sigma_{i}(B)i=1(k=1,2, \cdot’\cdot, n)$
– Ando, Horn and Johnson(1987)
$[\text{ }6]A,$
$B.,\in M_{n_{k}}$ $A=X^{*}Y(.X, Y\in M_{rn}.)k$
$\sum_{i=1}\sigma_{i}$
(A $\mathrm{o}B$ ) $\leq\sum_{=i1}C_{i}(X)_{C(Y}i)\sigma_{i}(B)(k=1,2, \cdots, n)$
$\vee\supset$ ( $\text{ }r_{}^{\wedge^{\backslash }}\backslash$ $\{c_{i}(X)\}$ $X\text{ }$ decreasing order $\mathrm{A}$ $\text{ _{ }}$ )
$\{r_{i}(X)\}$ $X^{\text{ }}$ decreasing order
$1\text{ }7]A,$ $B\in M_{n}$
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$\sum_{i=1}^{k}\sigma_{i}$ $(A \circ B)\leq\sum_{=i1}^{k}$ [ci $(A)ri(A)$ ] $1/2(\sigma iB)(k=1,2, \cdots, n)$
[Open $\mathrm{p}\mathrm{r}\mathrm{o}\mathrm{b}\mathrm{l}\mathrm{e}\mathrm{m}_{k}$] $0\leq\alpha\leq 1,$ $A,$$B\in M_{n}k-$
$\sum_{i=1}\sigma_{i}(A\circ B)\leq\sum_{i=1}C_{i}(A)^{\alpha}ri(A)^{1\alpha}-\sigma_{i}(B)(k=1,2, \cdots, n)$
6. $\backslash \nearrow Z^{-7}$
$\mathrm{L}^{-7}$
6 $A\in M_{n}$ $A=X^{*}Y$
$||S_{A}||_{\infty}\leq C1(X)c_{1}(Y)$
Haagerup$(1986)$ $\backslash \grave{\nearrow}=-7$




$[\text{ } 8]$ $A=(a_{ij})\in M_{n}$
(1) $||S_{A}||_{\infty\leq}1$
(2) $A$ $A=B^{*}C$ $B,$ $C\in M_{n}$ $B^{*}B\circ I\leq I$ $C^{*}C\circ I\leq I$
(3) $a_{i^{j}}=\langle x_{j}|y_{i}\rangle(i, j=1,2\cdots, n)$ $x_{i},$ $y_{i}\in Cn$
$||x_{i}||\leq 1,$ $||y_{i}||\leq 1$ $(i.=1, \cdot\cdot\iota, n)$
(4)
$\geq 0$




$[\text{ } 9]$ $A=(a_{ij})\in M_{n}$
(1) $||S_{A}||_{w}\leq 1$
(2) $A$ $A=B^{*}WB$ $B,$ $W\in M_{n}$ $B^{*}B\mathrm{o}I\leq I$
$||W||_{\infty}\leq 1$
(3) $a_{ij}=\langle Wx_{j}|x_{i}\rangle(i, j=1,2\cdots, n)$ $W\in M_{n}$
$||W||_{\infty}\leq 1$ , $x_{i}\in C^{n}[]\mathrm{h}||x_{i}||\leq 1$
(4)
$\geq 0,$ $R\circ.I\leq I$
$0\leq R\in M_{n}$
[ 10] $\mathrm{A}=$ $||S_{A}||_{\infty}=||S_{\mathrm{A}}||W$ $(A\in M_{n})$
9 Haagerup 8 (1) (4)
9
[ 11]
$||S_{A}||\infty\leq||sA||_{w}\leq 2||S_{A}||\infty$ $(A\in M_{n})$ .
[ 12]
$||S_{A}||_{w}\leq||A||_{\infty}$ $(A\in M_{n})$ .




$w(\mathrm{I}^{--1f}arrow^{\backslash }$ $||S_{A}||_{w}\geq w(A\circ.)\geq 1+\sqrt{5}\geq\sqrt{10}$
R.Mathias $||S_{A}||_{\infty}$
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$[\text{ }\dot{\text{ }}14]A\in M_{n}$
$\frac{1}{n}||A||_{1}\leq||SA||_{\infty}$
$||A||_{1}$ trace norm











$z- \mathrm{C}\mathrm{i}\mathrm{r}\mathrm{c}\mathrm{u}\mathrm{l}\mathrm{a}\mathrm{n}\mathrm{t}_{\text{ }}A=\sum_{i=}^{l}1\alpha_{i}$ C $A$ – $z- \mathrm{C}\mathrm{l}\mathrm{r}\mathrm{C}\mathrm{u}\mathrm{l}\mathrm{a}\mathrm{n}\mathrm{t}$
$[\text{ }15]A$ – $z- \mathrm{c}\mathrm{i}\mathrm{r}\mathrm{C}\mathrm{u}\mathrm{l}\mathrm{a}\mathrm{n}\mathrm{t}(|z|=1)$
$||S_{A}||_{\infty}=||s_{A}||A||_{1}$
$[\text{ } 16]\mathrm{A}=(A, 0\in M_{n})$ $||S_{\mathrm{A}}||_{\infty}=||S_{\mathrm{A}}||W$
$J\in M_{n}$ 1 $S=[sgn(i-i)\mathrm{I}\in M_{n},$ $T=S+I$
$J-I,$ $S,$ $T$ – $\mathrm{c}\mathrm{i}\mathrm{r}\mathrm{C}\mathrm{u}\mathrm{l}\mathrm{a}\mathrm{n}\mathrm{t}$ $||S_{J-I}||\infty=2(n-1)/n,$ $||Ss^{||_{\infty}}=$
$\frac{1}{n}\sum_{j=1}^{n}|\cot(2j-1)\pi/2n|,$ $||S_{T}||_{\infty}= \frac{1}{n}\sum^{n}j=1|\csc(2\mathrm{j}-1)\pi/2n|$
( $J-I$ Bhatia, Choi and Davis (1989) )
$R_{n}=[r_{ij}]\in M_{n}$ truncation matrix (i.e. $r_{ij}=1(i\leq j),$ $=0(i>j)$ )
$\frac{n+1}{2n}\sum_{j=1}^{n}|\csc(2j-1)\pi/2n|\leq||S_{R}||_{\infty\leq}\frac{\Sigma_{j=1}^{n}|\csc(2j-1)\pi/2n|+1}{2}$
$n arrow\infty 1\mathrm{i}\ln\frac{||S_{A_{r}}.||_{\infty}}{\log n}=\lim_{narrow\infty}\frac{||S_{A_{n}}||_{w}}{\log n}=\frac{1}{\pi}$
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Mathaias [21], Angelos, Cowen and Narayan [6]
$n=2$
$||S_{A_{2}}|| \infty=||S_{A_{2}}||_{W}=\frac{2}{\sqrt{3}}$




$A,$ $B\in M_{m},$ $C,$ $D\in M_{n}$
(A $\mathrm{o}B$ ) $\otimes(C\mathrm{o}D)=(A\otimes C)\circ(B\otimes D)$
$w(A)w(B)\leq w(A\otimes B)\leq||A||\infty w(B)$
$[\text{ }17]A\in M_{m}$ $B\in M_{n}$
$||S_{A\otimes B}||_{\infty}=||s_{A}||\infty||s_{B}||_{\infty}$
$||S_{AB}\otimes||_{w}\leq||s_{A}||w||s_{B}||_{w}$ .







$[\text{ } 19]A\in M_{m},$ $B-\in M_{n}$
$||s_{A\otimes B}||w \geq\frac{1}{2}||S_{A}||w||SB||_{w}$ .
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